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HADAMARD TRIPLES GENERATE SELF-AFFINE SPECTRAL MEASURES
DORIN ERVIN DUTKAY, JOHN HAUSSERMANN, AND CHUN-KIT LAI
Abstract. Let R be an expanding matrix with integer entries and let B,L be finite integer digit
sets so that (R,B,L) form a Hadamard triple on Rd. We prove that the associated self-affine mea-
sure µ = µ(R,B) is a spectral measure, which means it admits an orthonormal bases of exponential
functions in L2(µ). This settles a long-standing conjecture proposed by Jorgensen and Pedersen
and studied by many other authors.
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1. Introduction
In 1974, Fuglede [Fug74] was studying a question of Segal on the existence of commuting exten-
sions of the partial differential operators on domains of Rd. Fuglede proved that the domains Ω
for which such extensions exist are exactly those with the property that there exists an orthogonal
basis for L2(Ω), with Lebesgue measure, formed with exponential functions {e2πi〈λ , x〉 : λ ∈ Λ}
where Λ is some discrete subset of Rd. Such sets were later called spectral sets and Λ was called a
spectrum for Ω.
In the same paper, Fuglede proposed his famous conjecture that claims that the spectral sets
are exactly those that tile Rd by some translations. The conjecture was later proved to be false in
dimension 5 or higher, by Tao [Tao04] and then in dimension 3 or higher [Mat05, KM06b, KM06a,
FMM06]. At this moment, the conjecture is still open in dimensions 1 and 2.
In 1998, while working on the Fuglede conjecture, Jorgensen and Pedersen [JP98] asked a related
question: what are the measures for which there exist orthogonal bases of exponential functions?
Let µ be a compactly supported Borel probability measure on Rd and let 〈·, ·〉 denote the standard
inner product on Rd. The measure µ is called a spectral measure if there exists a countable set
Λ ⊂ Rd, called spectrum of the measure µ, such that the collection of exponential functions E(Λ) :=
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{e2πi〈λ,x〉 : λ ∈ Λ} forms an orthonormal basis for L2(µ). We define the Fourier transform of µ to
be
µ̂(ξ) =
∫
e−2πi〈ξ,x〉dµ(x).
In [JP98], Jorgensen and Pedersen made a surprising discovery: they constructed the first exam-
ple of a singular, non-atomic spectral measure. The measure is the Hausdorff measure associated to
a Cantor set, where the scaling factor is 4 and the digits are 0 and 2. They also proved that the usual
Middle Third Cantor measure is non-spectral. Also, Strichartz proved in [Str06] that the Fourier se-
ries associated to such spectral fractal measures can have much better convergence properties than
their classical counterparts on the unit interval: Fourier series of continuous functions converge
uniformly, Fourier series of Lp-functions converge in the Lp-norm. Since Jorgensen and Pedersen’s
discovery, many other examples of singular measures have been constructed, and various classes of
fractal measures have been analyzed [JP98,  LW02, Str98, Str00, DJ06, Li14, YL15, Li15, DS15,
and references therein]. All these constructions have used the central idea of Hadamard matrices
and Hadamard triples to construct the spectral singular measures by infinitely many iterations.
It has been conjectured since Jorgensen and Pedersen’s discovery that all Hadamard triples will
generate spectral self-affine measures. Let us recall all the necessary definitions below:
Definition 1.1. Let R ∈ Md(Z) be an d × d expansive matrix (all eigenvalues have modulus
strictly greater than 1) with integer entries. Let B,L ⊂ Zd be finite sets of integer vectors with
N := #B = #L (# denotes the cardinality). We say that the system (R,B,L) forms a Hadamard
triple (or (R−1B,L) forms a compatible pair in [ LW02] ) if the matrix
(1.1) H =
1√
N
[
e2πi〈R
−1b,ℓ〉
]
ℓ∈L,b∈B
is unitary, i.e., H∗H = I.
Definition 1.2. For a given expansive d× d integer matrix R and a finite set of integer vectors B
with #B =: N , we define the affine iterated function system (IFS) τb(x) = R
−1(x+ b), x ∈ Rd, b ∈
B. The self-affine measure (with equal weights) is the unique probability measure µ = µ(R,B)
satisfying
(1.2) µ(E) =
∑
b∈B
1
N
µ(τ−1b (E)), for all Borel subsets E of R
d.
This measure is supported on the attractor T (R,B) which is the unique compact set that satisfies
T (R,B) =
⋃
b∈B
τb(T (R,B)).
The set T (R,B) is also called the self-affine set associated with the IFS. One can refer to [Hut81]
and [Fal97] for a detailed exposition of the theory of iterated function systems. We say that
µ = µ(R,B) satisfies the no overlap condition if
µ(τb(T (R,B)) ∩ τb′(T (R,B))) = 0, ∀b 6= b′ ∈ B.
We say that B is a simple digit set for R if distinct elements of B are not congruent (modR(Zd)).
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It is well known that if (R,B,L) forms a Hadamard triple, then B must be a simple digit set
for R and L must be a simple digit set for RT . Furthermore, we need only consider equal-weight
measures since, in the case when the weights are not equal, the self-affine measures cannot admit
any spectrum, by the no overlap condition (see Theorem 1.4 below) and [DL14, Theorem 1.5].
In this paper we prove that the conjecture proposed by Jorgensen and Pedersen is valid:
Theorem 1.3. Let (R,B,L) be a Hadamard triple. Then the self-affine measure µ(R,B) is spectral.
In dimension 1, Theorem 1.3 was first proved by Laba and Wang [ LW02] and refined in [DJ06].
The situation becomes more complicated when d > 1. Dutkay and Jorgensen showed that the
conjecture is true if (R,B,L) satisfies a technical condition called reducibility condition [DJ07].
There are some other additional assumptions proposed by Strichartz guaranteeing Theorem 1.3 is
true [Str98, Str00]. Some low-dimensional special cases were also considered by Li [Li14, Li15]. In
[DL15], we introduced the following set
(1.3) Z = {ξ : µ̂(ξ + k) = 0, for all k ∈ Zd}
and proved
Theorem 1.4. [DL15, Theorem 1.7 and 1.8] Let (R,B,L) be a Hadamard triple and µ = µ(R,B)
be the associated equal weight self-affine measure. Then we have:
(i) µ has the no-overlap condition.
(ii) Suppose furthermore that, Z = ∅, then µ is a spectral measure with a spectrum in Zd.
The complete resolution of Theorem 1.3 points towards the case Z 6= ∅. It was found that there
exist spectral self-affine measures with Z 6= ∅ [DL15, Example 5.4]. To prove Theorem 1.3, our
strategy is to first show that in the case when Z 6= ∅ the digit set B will be reduced a quasi product-
form structure (Section 3). This requires an analysis of Z as an invariant set of some dynamical
system, and we use the techniques in [CCR96] (Section 2). Our methods are also similar to the
ones used in [LW97]. However, as B is not a complete set of representatives (mod R(Zd)) (as it is
in [LW97]), several additional adjustments will be needed. From the quasi-product form structure
obtained, we construct the spectrum directly by induction on the dimension d (Section 4).
2. Preliminaries
We first discuss some preliminary reduction that we can perform in order to prove our main
theorem.
Definition 2.1. Let R1, R2 be d × d integer matrices, and the finite sets B1, B2, L1, L2 be in Zd.
We say that two triples (R1, B1, L1) and (R2, B2, L2) are conjugate (through the matrixM) if there
exists an integer matrix M such that R2 =MR1M
−1, B2 =MB1 and L2 = (M
T )−1L1.
Proposition 2.2. Suppose that (R1, B1, L1) and (R2, B2, L2) are two conjugate triples, through the
matrix M . Then
(i) If (R1, B1, L1) is a Hadamard triple then so is (R2, B2, L2).
(ii)The measure µ(R1, B1) is spectral with spectrum Λ if and only if µ(R2, B2) is spectral with
spectrum (MT )−1Λ.
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Proof. The proof follows from some simple computations, see e.g. [DJ07, Proposition 3.4]. 
Fora given integral expanding matrix R and a simple digit set B for R. We let
(2.1) Bn := B +RB +R
2B + ...+Rn−1B =

n−1∑
j=0
Rjbj : bj ∈ B
 .
We define Z[R,B] to be the smallest R-invariant lattice containing all Bn (invariant means
R(Z[R,B])⊂ Z[R,B]). By Proposition 2.3 below, to prove Theorem 1.3, there is no loss of generality
if we assume that Z[R,B] = Zd.
Proposition 2.3. If the lattice Z[R,B] is not full-rank, then the dimension can be reduced; more
precisely, there exists 1 ≤ r < d and a unimodular matrix M ∈ GL(n,Z) such that M(B) ⊂ Zr×{0}
and
(2.2) MRM−1 =
[
A1 C
0 A2
]
where A1 ∈ Mr(Z), C ∈ Mr,d−r(Z), A2 ∈ Md−r(Z). In addition, M(T (R,B)) ⊂ Rr × {0} and the
Hadamard triple (R,B,L) is conjugate to the Hadamard triple (MRM−1,MB, (MT )−1L), which
is a triple of lower dimension.
If the lattice Z[R,B] is full rank but not Zd, then the system (R,B,L) is conjugate to one
(R˜, B˜, L˜) for which Z[R˜, B˜] = Zd. Moreover, M is given by Z[R,B] =M(Zd).
Proof. See Proposition 4.1 in [DL15] 
In the following, we introduce the main technique that will be used. We start with the following
definition.
Definition 2.4. Let u ≥ 0 be an entire function on Rd, i.e., real analytic on Rd. Let L be a simple
digit set for RT . Suppose that
(2.3)
∑
l∈L
u((RT )−1(x+ l)) > 0, (x ∈ Rd)
A closed set K in Rd is called u-invariant (with respect to the system (u,RT , L)) if, for all x ∈ K
and all ℓ ∈ L
u
(
((RT )−1(x+ ℓ)
)
> 0 =⇒ (RT )−1(x+ ℓ) ∈ K.
We say that the transition, using ℓ, from x to τℓ(x) is possible, if ℓ ∈ L and u
(
(RT )−1(x+ ℓ)
)
> 0.
We say that K is Zd-periodic if K + n = K for all n ∈ Zd.
We say that a subspace W of Rd is a rational subspace if W has a basis of vectors with rational
components. The following theorem follows from Proposition 2.5, Theorem 2.8 and Theorem 3.3
in [CCR96].
Theorem 2.5. Let L be a complete set of representatives (modRT (Zd)). Let u ≥ 0 be an entire
function on Rd and let K be a closed u-invariant Zd-periodic set different from Rd. Suppose in
addition that g is an entire function which is zero on K. Then
(i) there exists a point x0 ∈ Rd, such that (RT )mx0 ≡ x0(mod Zd) for some integer m ≥ 1, and
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(ii) a proper rational subspace W (may equal {0}) such that RT (W ) =W and the union
S =
m−1⋃
k=0
((RT )kx0 +W + Z
d)
is invariant and g is zero on S.
Moreover, all possible transitions from a point in (RT )kx0+W +Z
d, 1 ≤ k ≤ m, lead to a point
in (RT )k−1x0 +W + Z
d.
Let (R,B,L) be a Hadamard triple and we aim to apply Theorem 2.5 to our set Z in (1.3). We
define the function
(2.4) uB(x) =
∣∣∣∣∣ 1N ∑
b∈B
e2πi〈b , x〉
∣∣∣∣∣
2
, (x ∈ Rd).
Taking the Fourier transform of the invariance equation (1.2), we can compute explicitly the Fourier
transform of µ = µ(R,B) as
(2.5) |µ̂(ξ)|2 = uB((RT )−1ξ)|µ̂((RT )−1(ξ))|2, (x ∈ Rd).
Iterating (2.5), we obtain
(2.6) |µ̂(x)|2 =
∞∏
n=1
uB((R
T )−nx), (x ∈ Rd),
and the convergence in the product is uniform on compact sets. See e.g. [DJ07]. It is well known
that both uB and |µ̂|2 are entire functions on Rd.
Proposition 2.6. Suppose that (R,B,L) forms a Hadamard triple and Z[R,B] = Zd. Let L be a
complete set of representatives (modRT (Zd)) containing L. Suppose that the set
Z :=
{
ξ ∈ Rd : µ̂(ξ + k) = 0 for all k ∈ Zd
}
is non-empty. Then
(i) Z is uB-invariant.
(ii) There exist a point x0 ∈ Rd such that (RT )mx0 ≡ x0(mod(RT )Zd), for some integer m ≥ 1.
(iii) There exists a proper rational subspace W 6= {0} of Rd such that RT (W ) = W and the
union
S =
m−1⋃
k=0
((RT )kx0 +W + Z
d)
is uB-invariant and is contained in Z.
Moreover, all possible transitions from a point in (RT )kx0+W +Z
d, 1 ≤ k ≤ m, lead to a point
in (RT )k−1x0 +W + Z
d.
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Proof. We first prove that Z is uB-invariant. Take x ∈ Z and ℓ ∈ L such that uB((RT )−1(x+ℓ)) > 0.
Let k ∈ Zd. We have, with (2.5),
0 = |µ̂(x+ ℓ+RTk)|2 = uB((RT )−1(x+ ℓ+RTk))|µ̂((RT )−1(x+ ℓ+RTk))|2
= uB((R
T )−1(x+ ℓ))|µ̂((RT )−1(x+ ℓ) + k)|2.
Therefore, µ̂((RT )−1(x+ ℓ) + k) = 0 for all k ∈ Zd. So (RT )−1(x+ ℓ) is in Z, and this shows that
Z is uB-invariant.
Since (R,B,L) form a Hadamard triple, by the Parseval identity, (see e.g. [ LW02, DJ07]),
(2.7)
∑
l∈L
uB((R
T )−1(x+ l)) = 1, (x ∈ Rd),
Hence,
(2.8)
∑
l∈L
uB((R
T )−1(x+ l)) > 0, (x ∈ Rd).
We can apply Theorem 2.5 with u = uB and g = µ̂ to obtain all other conclusions except the
non-triviality of W . We now check that W 6= {0}. Suppose W = {0}. First we show that for
1 ≤ k ≤ m there is a unique ℓ ∈ L such that uB((RT )−1((RT )kx0 + ℓ) > 0. Equation (2.8) shows
that there exists at least one such ℓ. Assume that we have two different ℓ and ℓ′ in L with this
property. Then the transitions are possible, so
(2.9) (RT )−1((RT )kx0 + ℓ) ≡ (RT )k−1x0 ≡ (RT )−1((RT )kx0 + ℓ′) (mod (Zd)).
But then ℓ ≡ ℓ′(modRT (Zd)) and this is impossible since L is a complete set of representatives.
By a translation, we can assume 0 ∈ B. From (2.7), and since the elements in L are distinct
(modRT (Zd)), we see that there is exactly one ℓk ∈ L such that uB((RT )−1((RT )kx0 + ℓk)) > 0.
Therefore uB((R
T )−1((RT )kx0 + ℓk)) = 1. But then, by (2.9), uB((R
T )k−1x0) = 1. We have∣∣∣∣∣∑
b∈B
e2πi〈b , (RT )k−1x0〉
∣∣∣∣∣ = N.
As #B = N and 0 ∈ B, we have equality in the triangle inequality, and we get that e2πi〈b , (RT )kx0〉 =
1 for all b ∈ B. Then 〈Rk−1b , x0〉 ∈ Z for all b ∈ B, 1 ≤ k ≤ m. Because (RT )mx0 ≡ x0(modZd),
we get that
〈
Rkb , x0
〉 ∈ Z for all k ≥ 0 and thus
x0 ∈ Z[R,B]⊥ := {x ∈ Rd : 〈λ , x〉 ∈ Z for all λ ∈ Z[R,B]}.
Since Z[R,B] = Zd, this means that x0 ∈ Zd. But x0 ∈ Z, so 1 = µ̂(0) = µ̂(x0 − x0) = 0, which is
a contradiction. This shows W 6= {0}. 
As W 6= {0}, we can conjugate R through some M so that (R,B,L) has a much more regular
structure.
Proposition 2.7. Suppose that (R,B,L) forms a Hadamard triple and Z[R,B] = Zd and let
µ = µ(R,B) be the associated self-affine measure µ = µ(R,B). Suppose that the set
Z :=
{
x ∈ Rd : µ̂(x+ k) = 0 for all k ∈ Zd
}
,
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is non-empty. Then there exists an integer matrix M with detM = 1 such that the following
assertions hold:
(i) The matrix R˜ := MRM−1 is of the form
(2.10) R˜ =
[
R1 0
C R2
]
,
with R1 ∈Mr(Z), R2 ∈Md−r(Z) expansive integer matrices and C ∈M(d−r)×r(Z).
(ii) If B˜ =MB and L˜ = (MT )−1L, then (R˜, B˜, L˜) is a Hadamard triple.
(iii) The measure µ(R,B) is spectral with spectrum Λ if and only if the measure µ(R˜, B˜) is
spectral with spectrum (MT )−1Λ.
(iv) There exists y0 ∈ Rd−r such that (RT2 )my0 ≡ y0(mod(RT2 )Zd) for some integer m ≥ 1 such
that the union
S˜ =
m−1⋃
k=0
(Rr × {(RT2 )ky0}+ Zd)
is contained in the set
Z˜ :=
{
x ∈ Rd : ̂˜µ(x+ k) = 0 for all k ∈ Zd} ,
where µ˜ = µ(R˜, B˜). The set S˜ is invariant (with respect to the system (uB˜ , R˜T , L˜), where L˜
is a complete set of representatives (mod R˜TZd). In addition, all possible transitions from
a point in Rr × {(RT2 )ky0}+ Zd, 1 ≤ k ≤ m leads to a point in Rr × {(RT2 )k−1y0}+ Zd.
Proof. We use Proposition 2.6 and we have x0 and a rational subspace W 6= {0} invariant for R
with all the mentioned properties. By [Sch86, Theorem 4.1 and Corollary 4.3b], there exists an
integer matrixM with determinant 1 such that MV = Rr×{0}. The rest follows from Proposition
2.6, by conjugation, y0 is the second component of Mx0.

3. The quasi-product form
From now on, we assume that (R,B,L) satisfies all the properties of (R˜, B˜, L˜) in Proposition
2.7. In this section, we will prove that if Z 6= ∅, the Hadamard triple will be conjugate to a
quasi-product form structure.
We first introduce the following notations.
Definition 3.1. For a vector x ∈ Rd, we write it as x = (x(1), x(2))T with x(1) ∈ Rr and x(2) ∈ Rd−r.
We denote by π1(x) = x
(1), π2(x) = x
(2). For a subset A of Rd, and x1 ∈ Rr, x2 ∈ Rd−r, we denote
by
A2(x1) := {y ∈ Rd−r : (x1, y)T ∈ A}, A1(x2) := {x ∈ Rr : (x, x2)T ∈ A}.
We also make a note on the notation. Throughout the rest of the paper, we use A×B to denote
the Cartesian product of A and B so that A × B = {(a, b) : a ∈ A, b ∈ B}. Our main theorem in
this section is as follows:
Theorem 3.2. Suppose that
R =
[
R1 0
C R2
]
,
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(R,B,L0) is a Hadamard triple and µ = µ(R,B) is the associated self-affine measure and Z 6= ∅.
Then the set B has the following quasi-product form:
(3.1) B =
{
(ui, vi +Qci,j)
T : 1 ≤ i ≤ N1, 1 ≤ j ≤ |detR2|
}
,
where
(i) N1 = N/|detR2|,
(ii) Q is a (d − r) × (d − r) integer matrix with |detQ| ≥ 2 and R2Q = QR˜2 for some
(d− r)× (d− r) integer matrix R˜2,
(iii) the set {Qci,j : 1 ≤ j ≤ |detR2|} is a complete set of representatives (modR2(Zd−r)), for
all 1 ≤ i ≤ N1.
Moreover, one can find some L ≡ L0(mod RT (Zd)) so that (R,B,L) is a Hadamard triple and
(R1, π1(B), L1(ℓ2)) and (R2, B2(b1), π2(L)) are Hadamard triples on R
r and Rd−r respectively.
The following lemma allows us to find a representative L with certain injectivity property.
Lemma 3.3. Suppose that the Hadamard triple (R,B,L) satisfies the properties (i) and (iv) in
Proposition 2.7. Then there exists set L′ and a complete set of representatives L
′
such that (R,B,L′)
is a Hadamard triple and the following property holds:
(3.2) ℓ, ℓ′ ∈ L′ (or ∈ L′) and π2(ℓ) ≡ π2(ℓ′)
(
mod RT2 (Z
d−r)
)
=⇒ π2(ℓ) = π2(ℓ′).
Proof. We note that if L ≡ L′ (modRT (Zd)), then (R,B,L′) is a Hadamard triple since 〈R−1b , RTm〉
∈ Z for any m ∈ Zd. Now, let ℓ = (ℓ1, ℓ2)T , l′ = (ℓ′1, ℓ′2)T be in L (or L) such that ℓ2 ≡
ℓ′2(modR
T
2 (Z
d−r)). We replace ℓ′ by
ℓ′′ = ℓ′ +RT (0, (RT2 )
−1(ℓ2 − ℓ′2))T ∈ Zd.
Then ℓ′′ ≡ ℓ′(modRT (Zd)) and the Hadamard property for L is preserved, the new set L is a
complete set of representatives (modRT (Zd)) and π2(ℓ
′′) = l2. Repeating this procedure, we
obtain our lemma. 
To simplify the notation, in what follows we relabel L′ by L and L
′
by L so that L and L possess
property (3.2). We prove some lemmas for the proof of Theorem 3.2.
Lemma 3.4. Suppose that the Hadamard triple (R,B,L) satisfies the properties (i) and (iv) in
Proposition 2.7. Then
(i) For every b1 ∈ π1(B) and b2 6= b′2 in B2(b1),
(3.3)
∑
ℓ2∈π2(L)
#L1(ℓ2)e
2πi〈R−12 (b2−b′2) , ℓ2〉 = 0.
Also, for all b1 ∈ π1(B), #B2(b1) ≤ #π2(L) and the elements in B2(b1) are not congruent
modR2(Z
d−r).
(ii) For every ℓ2 ∈ π2(L) and ℓ1 6= ℓ′1 in L1(ℓ2),
(3.4)
∑
b1∈π1(B)
#B2(b1)e
2πi〈R−11 b1 , (ℓ1−ℓ′1)〉 = 0.
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Also, for all ℓ2 ∈ π2(L), #L1(ℓ2) ≤ #π1(B) and the elements in L1(ℓ2) are not congruent(
mod RT1 (Z
r)
)
.
(iii) The set π2(L) is a complete set of representatives (mod R
T
2 (Z
d−r)) and, for every ℓ2 ∈
π2(L), the set L1(ℓ2) is a complete set of representatives (mod R
T
1 (Z
r)).
Proof. We first prove (i). Take b1 ∈ π1(B) and b2 6= b′2 in B2(b1), from the mutual orthogonality,
we have
0 =
∑
ℓ2∈π2(L)
∑
ℓ1∈L1(ℓ2)
e2πi〈(RT )−1(0,b2−b′2)T , (ℓ1,ℓ2)T 〉 =
∑
ℓ2∈π2(L)
∑
ℓ1∈L1(ℓ2)
e2πi〈(RT2 )−1(b2−b′2) , ℓ2〉
=
∑
ℓ2∈π2(L)
#L1(ℓ2)e
2πi〈(RT2 )−1(b2−b′2) , ℓ2〉.
This shows (3.3) and that the rows of the matrix(√
#L1(ℓ2)e
2πi〈(RT2 )−1b2 , ℓ2〉
)
ℓ2∈π2(L),b2∈B2(b1)
are orthogonal. Therefore #B2(b1) ≤ #π2(L) for all b1 ∈ π1(B). Equation (3.3) implies that the
elements in B2(b1) cannot be congruent modR
T
2 (Z
d−r)
(ii) follows from an analogous computation.
For (iii), the elements in π2(L) are not congruent (modR
T
2 (Z
d−r)), by the construction in
Lemma 3.3. If ℓ2 ∈ π2(L) and ℓ1, ℓ′1 ∈ L1(l2) are congruent (modRT1 (Zr)) then (ℓ1, ℓ2)T ≡
(ℓ′1, ℓ2)
T (mod RT (Zd)). Thus, ℓ1 = ℓ
′
1, as L is a complete set of representatives of R
T (Zd). From
these, we have #π2(L) ≤ |detR2| and, for all ℓ2 ∈ π2(L), #L1(ℓ2) ≤ |detR1|. Since
|detR| = |detR1||detR2| ≥
∑
ℓ2∈π2(L)
#L1(ℓ2) = #L = |detR|,
we must have equalities in all inequalities and we get that the sets are indeed complete sets of
representatives. 
Lemma 3.5. Let 1 ≤ j ≤ m. If the the transition from (x, (RT2 )jy0)T is possible with the digit
ℓ ∈ L, then π2(ℓ) = 0.
Proof. If the transition is possible with digit ℓ = (ℓ1, ℓ2)
T , then, by Proposition 2.7,
(RT )−1((x, (RT2 )
jy0)
T + (ℓ1, ℓ2)
T ) ≡ (y, (RT2 )j−1y0)T (modZd),
for some y ∈ Rr, and therefore (RT2 )−1ℓ2 ≡ 0 (mod Zd−r), so ℓ2 ≡ 0 (modRT2 (Zd−r)). By Lemma
3.3, ℓ2 = 0. 
Lemma 3.6. Let yj := (R
T
2 )
jy0, 1 ≤ j ≤ m. Then, for all x ∈ Rr and all ℓ = (ℓ1, ℓ2) ∈ L with
π2(ℓ) = ℓ2 6= 0, we have that
(3.5)
∑
b2∈B2(b1)
e2πi〈b2 , (RT2 )−1(yj+ℓ2)〉 = 0.
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Proof. We have that (RT )−1 is of the form
(RT )−1 =
[
(RT1 )
−1 D
0 (RT2 )
−1
]
.
Then, for all x ∈ Rr and all ℓ = (ℓ1, ℓ2) ∈ L with π2(ℓ) = ℓ2 6= 0, we have that uB((RT )−1((x, yj)T+
(ℓ1, ℓ2)
T )) = 0, because such transitions are not possible by Lemma 3.5. Then∑
b1∈π1(B)
∑
b2∈B2(b1)
e2πi(〈b1 , R−11 (x+l1)+D(y1+l2)〉+〈b2 , (RT2 )−1(yj+l2)〉) = 0.
Since x is arbitrary, it follows that∑
b1∈π1(B)
e2πi〈b1 , x〉
∑
b2∈B2(b1)
e2πi〈b2 , (RT2 )−1(yj+l2)〉 = 0 for all x ∈ Rd.
Therefore, by linear independence of exponential functions, we obtain (3.5). 
Lemma 3.7. For every b1 ∈ π1(B), the set B2(b1) is a complete set of representatives (modR2(Zd−r)).
Therefore #B2(b1) = |detR2| = #π2(L) and (R2, B2(b1), π2(L)) is a Hadamard triple. Also, for
every ℓ2 ∈ π2(L), #L1(ℓ2) = #π1(B) = N| detR2| =: N1 and (R1, π1(B), L1(ℓ2)) is a Hadamard
triple.
Proof. Let b1 ∈ π1(B). We know from Lemma 3.4(i) that the elements of B2(b1) are not congruent
(mod R2(Z
d−r)). We can identify B2(b1) with a subset of the group Z
d−r/R2(Z
d−r). The dual
group is Zd−r/RT2 (Z
d−r) which we can identify with π2(L). For a function f on Z
d−r/R2(Z
d−r),
the Fourier transform is
fˆ(ℓ2) =
1√|detR2|
∑
b2∈Zd−r/R2(Zd−r)
f(b2)e
−2πi〈b2 , (RT2 )−1ℓ2〉, (ℓ2 ∈ π2(L2)).
Let 1 ≤ j ≤ m. Consider the function
(3.6) f(b2) =
{
e−2πi〈b2 , (RT2 )−1yj〉, if b2 ∈ B2(b1)
0, if b2 ∈ (Zd−r/R2(Zd−r)) \B2(b1).
Then equation (3.5) shows that fˆ(ℓ2) = 0 for ℓ2 ∈ π2(L), ℓ2 6= 0. Thus fˆ = c ·χ0 for some constant
c and by fˆ(0) = c,
(3.7) c =
1√|detR2|
∑
b2∈B2(b1)
e−2πi〈b2 , (RT2 )−1(yj)〉.
Now we apply the inverse Fourier transform and we get
f(b2) =
1√|detR2|
∑
ℓ2∈π2(L)
cχ0(ℓ2)e
2πi〈b2 , (RT2 )−1ℓ2〉 = c√|detR2| .
So f(b2) is constant and therefore B2(b1) = Z
d−r/R2(Z
d−r), which means that B2(b1) is a complete
set of representatives and #B2(b1) = |detR2|. Since the elements in #π2(L) are not congruent
(modRT2 Z
d−r), we get that #π2(L) ≤ |detR2|, and with Lemma 3.4 (i), it follows that #π2(L) =
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#B2(b1) = |detR2|. In particular, π2(L) is a complete set of representatives (modRT2 (Zd−r)), so
(R2, B2(b1), π1(L)) form a Hadamard triple.
Since
∑
b1∈π1(B)
#B2(b1) = N , we get that #π1(B) = N/|detR2|. With Lemma 3.4(ii), we have
N =
∑
ℓ2∈π2(L)
#L1(ℓ2) ≤ #π2(L)π1(B) = N.
Therefore we have equality in all inequalities so #L1(ℓ2) = #π1(B) = N/|detR2|. Then (3.4)
shows that (R1, π1(B), L1(ℓ2)) is a Hadamard triple for all ℓ2 ∈ π2(L). 
Proof of Theorem 3.2. By Lemma 3.7, we know that B must have the form⋃
b1∈π1(B)
{b1} ×B2(b1)
where #π1(B) = N1 and B2(b1) is a set of complete representative (mod R
T
2 (Z
d−r)). By enumer-
ating elements π1(B) = {u1, ..., uN1} and B2(ui) = {di,1, ..., di,| detR2|}, we can write
B =
{
(ui, di,j)
T : 1 ≤ i ≤ N1, 1 ≤ j ≤ |detR2|
}
.
It suffices to show di,j are given by vi+Qci,j where Q has the properties (ii) and (iii) in the theorem.
From the equation (3.6) and the fact that f is a constant, we have, for b2 ∈ B2(b1) and b1 ∈ π1(B),
e−2πi〈b2 , (RT2 )−1yj〉 = f(b2) = c√|detR2| ,
which implies (from (3.7)) that
1
|detR2|
∑
b′
2
∈B2(b1)
e2πi〈(b2−b′2) , (RT2 )−1yj〉 = 1.
By applying the triangle inequality to the sum above, we see that we must have
e2πi〈b2−b′2 , (RT2 )−1yj〉 = 1,
which means
(3.8)
〈
b2 − b′2 , (RT2 )−1yj
〉 ∈ Z for all b2, b′2 ∈ B2(b1), b1 ∈ π1(B), 1 ≤ j ≤ m.
Here we recall that yj = (R
T
2 )
jy0.
Define now the lattice
Γ := {x ∈ Zd−r : 〈x , (RT2 )−1yj〉 ∈ Z, ∀ 1 ≤ j ≤ m}.
We first claim that the lattice Γ is of full-rank. Indeed, since (RT2 )
myj ≡ yj(modZd−r), it follows
that all the points (RT2 )
−1(yj) have only rational components. Let m˜ be a common multiple for
all the denominators of all the components of the vectors (RT2 )
−1(yj), 1 ≤ j ≤ m. If {ei} are the
canonical vectors in Rd−r, then
〈
m˜ei , (R
T
2 )
−1(yj)
〉 ∈ Z so m˜ei ∈ Γ, and thus Γ is full-rank.
Next we prove that Γ is a proper sublattice of Zd−r. The vectors yj are not in Z
d−r because
µ̂((0, yj)
T + k) = 0 for all k ∈ Zd, and that would contradict the fact that µ̂(0) = 1. This implies
that the vectors (RT2 )
−1(yj) are not in Z
d−r so Γ is a proper sublattice of Zd−r.
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Since Γ is a full-rank lattice in Zd−r, there exists an invertible matrix with integer entries Q
such that Γ = QZd−r, and since Γ is a proper sublattice, it follows that |detQ| > 1 so |detQ| ≥ 2.
In addition, we know from (3.8) that, for all ui ∈ π1(B) and di,j , di,j′ ∈ B2(ui), di,j − di,j′ ∈ Γ.
Therefore, if we fix an element vi = di,j0 ∈ B2(ai), then all the elements in B2(ai) are of the form
di,j = vi + Qci,j for some ci,j ∈ Zd−r. The fact that B2(ai) is a complete set of representatives
(modR2Z
d−r) (Lemma 3.7) implies that the set of the corresponding elements Qci,j is also a
complete set of representatives (modR2Z
d−r). This shows (iii).
It remains to show R2Q = QR˜2 for some for some (d− r)× (d − r) integer matrix R˜2. Indeed,
if x ∈ Γ, and 0 ≤ j ≤ m − 1, then 〈R2x , (RT2 )jy0〉 = 〈x , (RT2 )j+1y0〉 ∈ Z, since (RT2 )my0 ≡
y0 (modZ
d−r). So R2x ∈ Γ. Then, for the canonical vectors ei, there exist e˜i ∈ Zd−r such that
R2Qei = Qe˜i. Let R˜2 be the matrix with columns e˜i. Then R2Q = QR˜2.
Finally, by choosing L with the property Lemma 3.3, the Hadamard triple properties of both
(R1, π1(B), L1(ℓ2)) and (R2, B2(b1), π1(L)) on R
r and Rd−r respectively are direct consequences of
Lemma 3.7. 
4. Proof of the theorem
In the last section, we will prove our main theorem. We first need to study the spectral property
of the quasi-product form. Suppose now the pair (R,B) is in the quasi-product form
(4.1) R =
[
R1 0
C R2
]
(4.2) B =
{
(ui, di,j)
T : 1 ≤ i ≤ N1, 1 ≤ j ≤ N2 := |detR2|
}
,
and {di,j : 1 ≤ j ≤ N2} (di,j = vi + Qci,j as in Theorem 3.2) is a complete set of representatives
(modR2Z
d−r). We will show that the measure µ = µ(R,B) has a quasi-product structure.
Note that we have
R−1 =
[
R−11 0
−R−12 CR−11 R−12
]
and, by induction,
R−k =
[
R−k1 0
Dk R
−k
2
]
, where Dk := −
k−1∑
l=0
R
−(l+1)
2 CR
−(k−l)
1 .
For the invariant set T (R,B), we can express it as a set of infinite sums,
T (R,B) =
{
∞∑
k=1
R−kbk : bk ∈ B
}
.
Therefore any element (x, y)T ∈ T (R,B) can be written in the following form
x =
∞∑
k=1
R−k1 aik , y =
∞∑
k=1
Dkaik +
∞∑
k=1
R−k2 dik,jk .
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Let X1 be the attractor (in R
r) associated to the IFS defined by the pair (R1, π1(B) = {ui : 1 ≤
i ≤ N1}) (i.e. X1 = T (R1, π1(B))). Let µ1 be the (equal-weight) invariant measure associated to
this pair.
For each sequence ω = (i1i2 . . . ) ∈ {1, . . . , N1}N = {1, . . . , N1} × {1, . . . , N1} × ..., define
(4.3) x(ω) =
∞∑
k=1
R−k1 uik .
As (R1, π1(B)) forms Hadamard triple with some L1(ℓ2) by Lemma 3.7, the measure µ(R1, π1(B))
has the no-overlap property (Theorem 1.4). It implies that for µ1-a.e. x ∈ X1, there is a unique
ω such that x(ω) = x. We define this as ω(x). This establishes a bijective correspondence, up to
measure zero, between the set Ω1 := {1, . . . , N1}N and X1. The measure µ1 on X1 is the pull-back
of the product measure which assigns equal probabilities 1N1 to each digit.
For ω = (i1i2 . . . ) in Ω1, define
Ω2(ω) := {(di1,j1di2,j2 . . . din,jn . . . ) : jk ∈ {1, . . . , N2} for all k ∈ N}.
For ω ∈ Ω1, define g(ω) :=
∑∞
k=1Dkaik and g(x) := g(ω(x)), for x ∈ X1. Also Ω2(x) := Ω2(ω(x)).
For x ∈ X1, define
X2(x) := X2(ω(x)) :=
{
∞∑
k=1
R−k2 dik,jk : jk ∈ {1, . . . , N2} for all k ∈ N
}
.
Note that the attractor T (R,B) has the following form
T (R,B) = {(x, g(x) + y)T : x ∈ X1, y ∈ X2(x)}.
For ω ∈ Ω1, consider the product probability measure µω, on Ω2(ω), which assigns equal
probabilities 1N2 to each digit dik ,jk at level k. Next, we define the measure µ
2
ω on X2(ω). Let
rω : Ω2(ω)→ X2(ω),
rω(di1,j1di2,j2 . . . ) =
∞∑
k=1
R−k2 dik,jk .
Define µ2x := µ
2
ω(x) := µω(x) ◦ r−1ω(x).
Note that the measure µ2x is the infinite convolution product δR−1
2
B2(i1)
∗ δR−2
2
B2(i2)
∗ . . . , where
ω(x) = (i1i2 . . . ), B2(ik) := {dik ,j : 1 ≤ j ≤ N2} and δA := 1#A
∑
a∈A δa, for a subset A of R
d−r.
The following lemmas were proved in [DJ07].
Lemma 4.1. [DJ07, Lemma 4.4] For any bounded Borel functions on Rd,∫
T (R,B)
f dµ =
∫
X1
∫
X2(x)
f(x, y + g(x)) dµ2x(y) dµ1(x).
Lemma 4.2. [DJ07, Lemma 4.5] If Λ1 is a spectrum for the measure µ1, then
F (y) :=
∑
λ1∈Λ1
|µ̂(x+ λ1, y)|2 =
∫
X1
|µ̂2s(y)|2 dµ1(s), (x ∈ Rr, y ∈ Rd−r).
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We recall also the Jorgensen-Pedersen Lemma for checking in general when a countable set is a
spectrum for a measure.
Lemma 4.3. [JP98] Let µ be a compactly supported probability measure. Then Λ is a spectrum for
L2(µ) if and only if ∑
λ∈Λ
|µ̂(ξ + λ)|2 ≡ 1.
We need the following key proposition.
Proposition 4.4. For the quasi-product form given in (4.1) and (4.2), there exists a lattice Γ2
such that for µ1-almost every x ∈ X1, the set Γ2 is a spectrum for the measure µ2x.
Proof. First we replace the first component (R1, π1(B)) by a more convenient pair which allows us
to use the theory of self-affine tiles from [LW97]. Define
R† :=
[
N1 0
0 R2
]
,
B† =
{
(i, di,j)
T : 1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ |detR2|
}
.
We will use the super-script † to refer to the pair (R†, B†).
As di,j is a complete residue (modR2(Z
d−r)), the set B† is a complete set of representatives
(modR†(Zd−r+1)). By [LW97, Theorem 1.1], µ† is the normalized Lebesgue measure on T (R†, B†)
and this tiles Rd−r+1 with some lattice Γ∗ ⊂ Zd−r+1. The attractor X†1 corresponds to the pair
(N1, {0, 1, . . . , N1 − 1}) so X†1 is [0, 1] and µ†1 is the Lebesgue measure on [0, 1]. We need the
following claim:
Claim: the set T (R†, B†) actually tiles Rd−r+1 with a set of the form Z× Γ˜2, where Γ˜2 is a lattice
in Rd−r.
Proof of claim: This claim was established implicitly in the proof of Theorem 1.1, in section 7, p.101
of [LW97], we present it here for completeness. Let Γ∗ be the lattice on Rd−r+1 which is a tiling set
of T (R†, B†). We observe that the orthogonal projection of T (R†, B†) to the first coordinate is [0, 1].
Hence, for any γ ∈ Γ∗, the orthogonal projection of T (R†, B†) is [0, 1] + γ1, where γ = (γ1, γ2)T .
As Γ∗ ⊂ Zd−r+1. these projections [0, 1] + γ1 are measure disjoint for different γ1’s. Therefore, the
tiling of T (R†, B†) by Γ∗ naturally divides up into cylinders:
U(γ1) := ([0, 1] + γ1)×Rd−r.
Focusing on one of the cylinders, say U(0), this cylinder is tiled by Γ˜ where
Γ˜ = Γ ∩ ({0} × Zd−r).
As Rd−r+1 =
⋃
γ1
U(γ1), this means T (R
†, B†) also tiles by Z× Γ˜2. This completes the proof of the
claim.
Because of the claim, it follows from the well-known result of Fuglede [Fug74] that µ† has a
spectrum of the form Z× Γ2, with Γ2 the dual lattice of Γ˜2.
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We prove that Γ2 is an orthogonal set for the measure µ
†2
s for µ
†
1-almost every s ∈ X†1 . Indeed,
for γ2 6= 0 in Γ2, since Z× Γ2 is a spectrum for µ†, we have for all λ1 ∈ Z, with Lemma 4.1,
0 =
∫
T (R†,B†)
e−2πi〈(λ1,γ2) , (x,y)〉 dµ†(x, y) =
∫
X†
1
∫
X†2(x)
e−2πi〈(λ1,γ2) , (x,y)〉 dµ†
2
x(y) dµ
†
1(x)
=
∫
X†
1
e−2πiλ1x
∫
X†2(x)
e−2πi〈γ2 , y〉 dµ†
2
x(y) dµ
†
1(x).
This implies that that ∫
X†2(x)
e−2πi〈γ2 , y〉 dµ†
2
x(y) = 0,
for all γ2 ∈ Γ2 for µ†1-a.e. x ∈ X†1 . This means that Γ2 is an orthogonal sequence for µ†
2
x for µ
†
1-a.e.
x ∈ X†1 so
(4.4)
∑
γ2∈Γ2
|µ̂†2x(y + γ2)|2 ≤ 1, (y ∈ Rd−r),
for µ†1-a.e. x ∈ X†1 . With Lemma 4.4, we have
1 =
∑
γ2∈Γ2
∑
λ1∈Z
|µ̂†(x+ λ1, y + γ2)|2 =
∫
X†
1
∑
γ2∈Γ2
|µ̂†2s(y + γ2)|2 dµ†1(s).
With (4.4), we have
(4.5)
∑
γ2∈Γ2
|µ̂†2s(y + γ2)|2 = 1, (y ∈ Rd−r),
for µ†1-a.e. s ∈ X†1 , which means that Γ2 is a spectrum for almost every measure µ†2s by Lemma
4.3.
Now, we are switching back to our original pair (R,B). Note that we have the maps x : Ω1 → X1
and x† : Ω1 → X†1 , defined by ω 7→ x(ω) as above in (4.3), and analogously for x†. The maps are
measure preserving bijections. Let Ψ : X1 → X†1 be the composition ψ = x† ◦ x−1. i.e.
Ψ
 ∞∑
j=1
R−j1 uj
 = ∞∑
j=1
N−j1 j.
Consider the measure ν(E) = µ†1(Ψ(E)) for Borel set E in T (R1, π1(B)). Because of the no-overlap
condition, we can check easily that ν and µ1 agrees on all the cylinder sets of T (R1, π1(B)). i.e.
ν(τi1 ◦ ... ◦ τin(T (R1, π1(B)))) =
1
Nn
= µ1(τi1 ◦ ... ◦ τin(T (R1, π1(B))))
for all i1, ..., in ∈ {0, 1, ..., N1 − 1}. This shows that ν = µ1 and therefore µ1(E) = µ†1(Ψ(E)) for
any Borel set E. Consider the set
N = {x ∈ T (R1, π1(B)) : Γ2 is not a spectrum for µ2x}
Then
Ψ(N ) = {Ψ(x) ∈ X†1 : Γ2 is not a spectrum for µ2x}
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Note also that, on the second component, the two pairs (R,B) and (R†, B†) are the same, more
precisely X2(x) = X
†
2(Ψ(x)) and µ
2
x = µ
†2
Ψ(x) for all x ∈ X1. This means that
Ψ(N ) = {Ψ(x) ∈ X†1 : Γ2 is not a spectrum for µ2Ψ(x)}
which has µ†1-measure 0, by the arguments in the previous paragraph. Hence, µ1(E) = µ
†
1(Ψ(E)) =
0 and this completes the proof. 
Proof of Theorem 1.3. To prove Theorem 1.3, we use induction on the dimension d. We know
from [ LW02, DJ06] that the result is true in dimension one (See also [DL15, Example 5.1] for an
independent proof by considering Z). Assume it is true for any dimensions less than d.
First, after some conjugation, we can assume that Z[R,B] = Zd, according to Proposition 2.3.
Next, if the set in (1.3) Z = ∅, then the result follows from Theorem 1.4 (ii). Suppose now that
Z 6= ∅. Then, by Proposition 2.7, we can conjugate with some matrix so that (R,B) are of the
quasi-product form given in (4.1) and (4.2).
By Theorem 3.2, (R1, π1(B), L1(ℓ2)) forms a Hadamard triple with some L on R
r where 1 ≤
r < d. By induction hypothesis, the measure µ1 is spectral. Let Λ1 be a spectrum for µ1. By
Proposition 4.4, there exists Γ2 such that Γ2 is a spectrum for µ
2
x for µ1-almost everywhere x.
Then we have, with (4.5), and Lemma 4.2,∑
γ2∈Γ2
∑
λ1∈Λ1
|µ̂(x+ λ1, y + γ2)|2 =
∫
X1
∑
γ2∈Γ2
|µ̂2s(y + γ2)|2 dµ1(s) =
∫
X1
1dµ1(s) = 1.
This means that Λ1 × Γ2 is a spectrum for µ by Lemma 4.3 and this completes the whole proof of
Theorem 1.3. 
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